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Our results would not be affected if there is an outer shell extending 
to this distance, provided the inner nucleus is admitted. But one would 
prefer to have only one radius in specifying the atom. The value 10"^ 
depends largely on the kinetic theory of gases for hard spheres, and is 
admittedly rather weak. It is conceivable that some explanation is possible 
depending on the range of possible external corpuscular orbits at a given 
temperature. Meanwhile it is a point requiring consideratioD. 

It may be added that, when the nucleus is free to move, corrections will 
be introduced in the formulae we have obtained which depend on the mass of 
the nucleus. 

Sir Joseph Larmor has very kindly discussed these results with me, 
and has suggested several important improvements of statement that have 
been adopted. 



Electromagnetic Waves in a Perfectly Conducting Tube, 

By L. SiLBEESTEiN, Ph.D., Lecturer in ISTatural Philosophy at the University 

of Home. 

(Communicated by Prof. A. W. Porter, P.R.S. Received December 5, 1914.) 

The problem of waves in conducting tubes has already been treated by 
various authors.* Nevertheless, the solutions here proposed, offering certain 
peculiarities with respect to the velocity of the corresponding waves, and 
partly also with respect to the shape, and distribution of the lines of force, 
seemed worthy of notice. 

Let z be measured along the axis of an infinite right cylindrical tube of 
circular section. The material of the tube is assumed to be a perfect con- 
ductor, its interior being empty or filled with air. The electromagnetic 
waves will be assumed throughout to be axially symmetrical and of per- 
manent type, i,e. to conserve all their features while proceeding along the 
tube. 

If ?• be the distance of a point from the z axis, further, E and Z the 

■^ J. J. Thomson, * Recent Researches in Electricity and Magnetism,' 1893 ; Lord 
Rayleigh, ^Phil. Mag./ vol. 43, p. 125 (1897) ; R. H. Weber, 'Ann. der Physik,' vol. 8, 
p. 721 (1902), An account of the experimental investigations hy v. Lang, Drude and 
Becker will be found in a paper hy A. Kalahne, * Ann. der Physik,' vol. 18, p. 92 (1905). 
Kalalme's own theoretical investigations concern only a ring-shaped tube. 
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transversal and the longitudinal components of the electric force, M the 
magnetic force, and c the velocity of light in vamio, then MaxwelFs equations 
are : — 

9^ or ^ ' dt dz- "^ 

|(.Z) + |(.E) = 0, 

8M^ /'oZ^am 

The lines of magnetic force are circles normal to and centred on the axis of 
symmetry, M being reckoned positive when the magnetic line is in the right- 
handed screw relation to the axis of positive z. By axial symmetry, M is 
constant along each magnetic line, so that the corresj)onding solenoidal con- 
dition is already fulfilled. The lines of electric force are wholly contained 
in the meridian planes. 

The first three of the above equations are satisfied, in the well-known 
way, by 

rZ = ^, rE=:-^, ,-M = i.|^, (1) 

or m e at 

and the fourth equation gives for ^fr, known as Stokes' current function, the 
differential equation 

c^ ' df^ dz^ dr\r ' 8r 

The equation to any line of electric force is '^ = const. It is convenient 
to introduce an auxiliary function q^, such that 

f = r^. (2) 

Then the equation for ^ is 

(^ df^ dz^ T dr\ dri ^ 

The only condition yet to be satisfied at the surface of the tube is Z = 0, 
i,e. B-^/Bq' = 0, or 

/ ^, _5 ) = 0, for r = a, (4) 

or \ arj ^ 

a being the radius of the tube's section. 

Thus, the most general axially symmetrical electromagnetic field in a 
perfectly conducting tube is given by the function <f> satisfying (3) and (4). 

Let us now require that the waves should be of a permanent type, i.e, that 
the whole network of electric and magnetic lines should move along the 
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tube, with a constant velocity v, without being deformed. This amounts to 
writing 

</> = <^ (r, K), 

where l^ = z—vt,\jhQ value of v being thus far left undetermined. Under 
such conditions it is enough to consider the state of things at one single 
instant, say, ^ = 0. Thus equation (3) will become 

and the surface condition (4) will assume the form 

for r ~ a. 

But the case of critical velocity, v = g, must obviously be discarded. In 
fact, it would lead at once to i/r = r dcj^/Sr = g (z\ where ^ is a function of z 
alone, and consequently to Z = and B. — ■— g'{z)/r, which is incom- 
patible with the conditions of the problem, unless ^^ = 0, when there is no 
field. Thus, the only possible waves of the specified kind are characterised by 

■V 9^ e. 

The surface condition becomes, therefore, 

'S) = 0. (4.) 

OZ fr^^a 

Equations (oci) and (4a), with v -4=. c, contain the most general axially 
symmetrical waves of permanent type. 

Out of these let us consider such only as are simply periodic in time, and 
therefore also with respect to z, that is to say, let us take ^ of the form 

(^ = sin(7r^;^) ft) (r), (5) 

where m is any real constant, and w a function of r alone. Write 

K=^'nisy{v^lc^-l\ (6) 

X = K?\ (7) 

Then (Za) gives for o) Bessel's differential equation, of the zero order, 

CO CO , Jl ClcO , A /07 \ 

and the boundary condition (4f6) assumes the form 

The well-known general integral of (3&) is 

ft) = A J i-xi) + BK {x). 
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where J, written shortly for J^ is Bessel's function of the first kind, of the 
zero order, and K, BesseFs function of the second kind,** while A and B are 
arbitrary constants. On the axis of the tube J remains finite, i.e. J(0) = 1, 
but K becomes infinite for x = 0. We are thus reduced at once to 

(j> = A sin (mz) J (fcr), (8) 

with the condition J (/ca) = 0. (9) 

The latter equation determines the admissible values of k. 

'How, all the roots of the transcendental equation J (a?) == are real ; 
therefore, by (6), and since 7n has been supposed real, the velocities of transfer 
along the tube of the corresponding waves will all be greater than the velocity 
of ligbt, i.e. 

for each of the roots. This constitutes a peculiar feature of all the waves of 
the specified kind. 

Let us denote the roots of the equation J (x) = 0, arranged in the order of 
ascending value, by Xi, X2, etc., in general by ^^; thus, to five decimal figures, 

xi = 2-40483, 0^2 = 5-52008, xs = 8-66373, etc. 

Then the corresponding values of fc will be 

A:^ = -, (10) 

whence, for any prescribed m, the corresponding value v = vi will follow. 

It will be remembered that (8) refers to a single instant, t = 0. For any 
t, the variable z has simply to be replaced by ^^ z — vt. If T be the period 
of vibration, and X = vH, the corresponding wave-length, 

rry 2 TT ^ 2 TT 

X J A =: . , 

mv 711 

It will be convenient, henceforward, to consider the time-period of vibra- 
tions as given ; or what amounts to the same thing mv, and not m itseli On 
the other hand we are given k, by (10). Eliminating m^ from the equations 

2tt oIv^ ^\ x^ 



we obtain the set of velocities in terms of T alone, 



Vi = c 




Xi^ cTV 
.27r ' a j _ 

"^ A known expansion of this function, for complex values of w, is 

K{ai) = J(^)[log|+| + c]-2J2(/^') + J4(^)-~|J6W+-. 



X, 2, . . ., (11/ 



where C — 0*577 



X # Tt JL-'X « J_J« kJiX McX D utJlll* 



o» \ 



whence also m^ = 27r/Tvi, and 

^i = A sin (mi^i) J ( ii\- - ] , ^i = z—Vit ; (12) 

and therefore also, by means of (1) and (2), the corresponding electromagnetic 
field in the tube. 

There is thus, generally speakings for every given period T, a whole series 
of differently shaped waves which will proceed along the tube with different 
velocities, '?;!,%,..,, without distortion, These^ corresponding to the roots 
cci, X2, ..., and to the given period T, may be called waves of the first, the 
second, etc., order, respectively. 

Let Xo be the normal wave-length, i.e. the wave-length which would corre- 
spond to the given period in free space, and let e be the ratio of this length, 
Xo = cT, to the circumference of the transversal section of the tube, 

e = Xo/27ra. (13) 

Then the velocity of the corresponding wave of the ^th order will be 

oj- = cj^{l — e^Xi^), , (14) 

The low^er limit of % which is approached when e shrinks indefinitely, is 
the velocity of light, c, while there is no upper limit to Vi, whose value grows 
indefinitely when e tends to Ijxi, Notice that for e >l/ir^ we should have an 
imaginary Vi, so that sin {m-il^i), and cos {m-^^), would degenerate into products 
of trigonometric and of exponential functions, and taking either their real or 
their imaginary parts, the resulting ^i would increase indefinitely along the 
positive or the negative axis of z. Such solutions, therefore, must be physically 
rejected. 

If the order {%) of the waves be given, we are confined to such vibrations 
for which the value of e does not exceed IJxi. Conversely, for .any given 
value of the ratio € = \o/2'7ra waves of the specified kind are possible only 
up to the highest order, for which 

< 1/e (15) 






Thus, for e = O'l (it?, for Xo % 0-628a) we have only waves of the first, 

second, and third order, since the fourth root of J (a?) = is greater than 10, 

to wit, X4,= 11*7916. For e = 1/30 we would have nine different waves 

(since xg = 27-4935, ^lo = 30*6346), and for e = 0*01 as many as thirty-two 

waves of different orders (xs2 = 99*7468, x^s = 102*8884). For €>lfxi, le. 

roughly for 

€ > 0-42, 

there are no waves possible of the kind here considered. 

Keeping this in mind, let us consider the field corresponding to any 
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particular solution ^i of the form of (12). Omitting, for the sake of brevity, 
the suffix i everywhere, with the exception of x itself, we have, by (2), and 
remembering that J' (x) = — Ji(a?), 

f = - A^' Ji (^ sin (m^), (16) 

SO that the equation to any line of electric force, say, for ^ = 0, will be 

sin (7?i^) r J J^) = 0, (17) 

wiiere C is a constant. The state of things at any instant t will be obtained 
by simply shifting the whole network of lines of force a distance t;^^ along the 
axis of the tube. 

The electric and magnetic forces will be, by (1), and by (3a), 



^2-^=-^ - sin(m?)J 



a 



E=: A— 'cos(mf)Jif^^ 
a \ a 



Y (18) 



w^here € = cT/27ra, as above. For r = a, the longitudinal electric com- 
ponent Z is nil, as it should be. The radial electric component E, although 
proportional to, is generally different from the absolute value M of the 
magnetic force ; they become approximately equal to one another only for 
relatively short vibrations and for not excessively high orders (i) of waves. 
The densities of the electric and of the magnetic energy are, generally 
speaking, not equal to one another. In short, the waves under consideration 
are not pure waves. At the axis of the tube, i,e. for r = 0, J = 1, while Ji 
vanishes, so that, for any axial point, 

Z = - A (^J sin (mO, E = M = 0. (ISa) 

* 

Thus the axis of the tube is itself a line of electric force, or, more exactly, 
a chain of such lines of intermittently positive and negative sense, each of 
these straight lines of force stretching over the length |X, e.g. between pairs 
of consecutive points defined by 

m^ = 7t7r, (^+ 1) TT, 

where n is any integer. All of these are neutral points, i.e. points of vanish- 
ing electric force (E = Z = 0). They share, of course, in the motion of the 
whole field with the velocity v = Vi. 

From (18) we see also that the axial electric component Z vanishes for 
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sin (m^) = 0, for all values of r, while the radial component assumes the 
Talue +AmxiS\lcL Thus, all the radii of each cross-section of the tube 
passing through a neutral point are again lines of electric force, viz., corre- 
sponding to -x^ = C = 0, These are the only transversal lines of electric 
force. 

By the aid of formula (17) a set of z values corresponding to different 
values of rja, from to 1, for different C's and prescribed values of ex-i, can 
■easily be calculated and plotted against one another. In this way the 
following pair of figures has been drawn.* In both of them the scale used 
for z is the same as that for r, and both refer to e = \Q/27ra — 0*1. 

Fig. 1 shows the lines of electric force for waves of the first order, i.e. 



TUBE V^A 
T 




f-rr=a 



Fig. 1. 

for cci = % % 2*405 ; the diagram stretches over a whole wave-length, 

Xi == 'z;iT = 0'647a. The neutral electric points are marked by small circles. 

Fi^. 2 gives the lines of force for waves of the secoiicl order, Le. for 

■^ Figs. 1 and 2 are reproduced from the author's treatise on 'Electricity and 
Magnetism ' (Pohsh), vol. 2. Warsaw, 1910. 
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X2 ==- 5*520. The corresponding wave-length is X2 = V2T % 0'7o3a. In this 
case we have neutral points not only on the axis and at the surface of the 
tube, but also on the straight line r % 0"694<^,* parallel to the axis, the 
segments of this line being again lines of electric force. Moreover, there is 
a neutral point between this line and the axis, in each of the complete 



TUBE WALL 




r=a 



Fig. 2. 

rectangles. Each of these points, being rotated round the axis, gives rise to 
a circular neutral line, of course. 

In the case of fig. 1, the argument xir/a moves within the limits and 
2*405 ; in this interval the function Ji does not change its sign, and the 
system of electric lines of force is correspondingly simple ; none of them is 
closed, each begins and ends at the surface of the tube. In the case of the 
waves of second order (fig. 2) the argument of Ji, ie. X27'/a, moves within 
considerably wider limits, from to 5*520, between which Ji undergoes a 
single change of sign, thus giving rise to the supplementary neutral points at 
the distance 7 a/ 10 from the axis (in round figures), and originating two 

^' This being a root of Jj {rx^ja) — 0. 
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rectangles of breadbli X2/2, one, based upon the axis, of height 7a/10, and 
another of height 3a/ 10, extending to the surface of the tube. In the former 
rectangle all lines of force are closed, while in the latter rectangle all of them 
begin and end at the surface of the tube, as in the case of fig. 1. For waves 
of the third and higher orders we would obtain more such rectangles, in 
correspondence to the number of changes of sign experienced by Ji in the 
intervals from to X'^rja, and so on. But this would not introduce any 
essentially new features into the system of lines of force. The above two 
figures will therefore be sufficient. 

Ee turning to (18), we have, for the axial and the radial components of the 
flux of energy, F^ = cRM, F^ = —cMZ, 



F. = vW = Alh 



— -cos(mgJ] 



"12 



a 



F, = ~^EZ = |A%?.^[^]%in(2mOJJi, 



Y (19) 



the argument of both the Bessel functions being Xirja, Instead of mv we 
may write here 27t/T, Since Ji = for r = 0, the flux of energy vanishes 
at all axial points. At the surface of the tube F^ = 0, as it should be. 
Kemembering that the lines of energy flux are everywhere orthogonal to 
those of electric force (and contained in the meridian planes), the reader can 
easily draw them for himself. It may be interesting to notice that, whereas 
the radial flux is now towards and now away from the axis, the axial flux of 
energy, F^, is always positive (for 'y>0), i.e. always in the direction of transfer 
of the waves. 

Substituting in the general formula (14) the value 1/10 for e and the 
quoted numerical values of x^, x^^, we obtain, to three decimal figures, 

Vi ~ l'030c, V2 = l'199c, 

for the velocities of the waves represented in figs. 1 and 2 respectively. For 
e = 1/10 there exists but one more wave of the specified kind, viz., that of 
the third order, corresponding to Xg = 8*654; its velocity is nearly twice that 
of light, more accurately 

vg = 1-996 c. 

For sufficiently smaller values of e we would obtain more waves of different 
orders, to which greater velocities would correspond. All these waves, 
corresponding to a fixed value of e = c T/27ra, can be superposed; but, their 
velocities being different, the resultant wave will, of course, split at once into 
its components. On the other hand, a compound wave of permanent type 
can be obtained by the superposition of an indefinite number of simple waves 



Electromagnetic Waves in a Perfectly Conducting Tube, 179 

of both differenfc periods T and different orders, subject to the condition 
exi = const., the components thus defined constituting a discrete set. 

Finally, we may have a superposition of a continuous manifold of simple 
waves, (12), of a fixed order, say n, but of different periods T, ranging over a 
continuous interval 0<C!I<^27ra/ca)n. Then the resultant train of waves, while 
moving past the tube, will undei:go continuous deformations. The train of 
waves as such has no unique velocity, but we can in this case speak of the 
group-velocity, 

V = ^-X^, (20) 

in the neighbourhood of any given value of wave-length X = vT, By (14), 
V can be written, in terms of X, 

v=:e^(l + u^^X^% (21) 

where a^ = Xn/27ra is a fixed magnitude, whence, by (20), 

V = c/v/(l + a^2X2). (22) 

Thus, although for each individual component t?>c, the group-velocity, in the 
vicinity of any value of X, is smaller than the velocity of light in free space. 
A superposition of this kind can be used to represent a wave of discontin- 
uity or a thin electromagnetic pulse or " Eontgen wave," provided that these 
are axially symmetrical. Such a wave, supposing that it is neither being 
split into two or more nor dispersed, can propagate itself only with the 
velocity c ; this property belongs to each surface-element of the wave, taken 
separately, and is therefore independent of any boundary conditions.'* In our 
present case, a surface of discontinuity, if produced in the tube at a given 
instant, would disperse at once, since its component simple waves have 
different velocities. A thin electromagnetic pulse, while moving past the 
tube, would be broadened or drawn out. Accordingly we should expect that 
" hard '' Eontgen rays (of axially symmetrical structure), sent through a con- 
ducting tube, will be " softened." I do not know whether experiments to 
that purpose are worth undertaking. 

* Of. * Ann. der Physik,' vol. 26, p. 751 (1908) ; vol. 29, p. 523 (1909). 
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